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GENERIC BASE ALGEBRAS AND
UNIVERSAL COMODULE ALGEBRAS FOR
SOME FINITE-DIMENSIONAL HOPF ALGEBRAS
UMA N. IYER AND CHRISTIAN KASSEL
Abstract. After recalling the definitions and the properties of the ge-
neric base algebra and of the universal comodule algebra attached to a
Hopf algebra by Aljadeff and the second-named author, we determine
these algebras for the Taft algebras, the Hopf algebras E(n) and certain
monomial Hopf algebras.
Introduction
In [2] Eli Aljadeff and the second-named author associated to any finite-
dimensional Hopf algebra H an algebra BH of rational fractions, which is a
finitely generated smooth domain of Krull dimension equal to the dimension
of H. The algebra BH is called the generic base algebra associated to H; it
is the subalgebra of coinvariants of the generic Hopf Galois extension AH
introduced in loc. cit. One can view BH as the “base space” of a “non-
commutative fiber bundle” whose fibers are “forms” of H (see also [7]).
The generic base algebra is known for very few Hopf algebras: it has
been described for finite group algebras in [1] and for the four-dimensional
Sweedler algebra in [2]. The first objective of this paper is to determine BH
for other finite-dimensional Hopf algebras such as the Taft algebras, the Hopf
algebras E(n) and certain monomial Hopf algebras, all natural generaliza-
tions of the Sweedler algebra. Our calculations are based on the properties
of BH established in [9].
A theory of polynomial identities for comodule algebras was also worked
out in [2]. It leads naturally to a universal comodule algebra UH , the analogue
of the “relatively free algebra” in the classical theory of polynomial identities.
The subalgebra of coinvariants VH of UH maps injectively into BH . In the
few known cases, the injection turns BH into a localization of VH . We show
that this also holds for the Hopf algebras considered here. Finally for the
same Hopf algebras we also describe a suitable central localization of UH as
a BH -module.
The paper is organized as follows. In Section 1 we recall the definition and
the properties of the main objects under investigation, namely the universal
comodule algebra and the generic base algebra. We also raise the questions
of finding a presentation by generators and relations of the generic base
algebra BH and of deciding whether BH is a localization of the subalgebra
of coinvariants VH of UH .
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In Section 2 we give complete answers to these questions for Taft algebras.
We give similar answers for the Hopf algebras E(n) in Section 3 and for
certain monomial Hopf algebras in Section 4.
AppendixA is concerned with the group algebra case; we summarize the
results of [1, 9] relevant to the present paper, and we compute the generic
base algebra for certain finite groups.
1. Polynomial identities
We fix a ground field k of characteristic zero. All vector spaces, all alge-
bras considered in this paper are defined over k; similarly, all linear maps are
supposed to be k-linear. The symbol ⊗ denotes the tensor product over k.
1.1. Hopf algebras and comodule algebras. We refer to [10] for gener-
alities on Hopf algebras and comodules algebras. As is traditional, we denote
the coproduct of a Hopf algebra by ∆, its counit by ε, and its antipode by S.
We also use a Heyneman-Sweedler-type notation
∆(x) = x1 ⊗ x2
for the image under ∆ of an element x of a Hopf algebra H, and we write
∆(2)(x) = x1 ⊗ x2 ⊗ x3
for its image under the iterated coproduct ∆(2) = (∆⊗ idH) ◦∆.
Recall that a (right) H-comodule algebra over a Hopf k-algebra H is an
associative unital k-algebra A equipped with a right H-comodule structure
whose (coassociative, counital) coaction
δ : A→ A⊗H
is an algebra map. The subalgebra AH of coinvariants of an H-comodule
algebra A is the subalgebra
AH = {a ∈ A | δ(a) = a⊗ 1} .
Twisted comodule algebras are basic examples of comodule algebras; let
us recall their definition. A two-cocycle α on a Hopf algebra H is a bilinear
form α : H ×H → k satisfying the cocycle condition
α(x1, y1)α(x2y2, z) = α(y1, z1)α(x, y2z2)
for all x, y, z ∈ H. We always assume that α is invertible (with respect to
the convolution product) and normalized, i.e., α(x, 1) = α(1, x) = ε(x) for
all x ∈ H.
Let uH be a copy of the underlying vector space of H. Denote the identity
map u from H to uH by x 7→ ux (x ∈ H). The twisted comodule algebra
αH
is defined as the vector space uH equipped with the product given by
(1.1) ux uy = α(x1, y1)ux2y2
for all x, y ∈ H. This product is associative thanks to the cocycle condition.
As α is normalized, the unit of αH is u1.
The algebra αH is anH-comodule algebra with coaction δ : αH → αH⊗H
given for all x ∈ H by
δ(ux) = ux1 ⊗ x2 .
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It is easy to check that the subalgebra of coinvariants of αH coincides
with k u1 (for more on twisted comodule algebras, see [10, Sect. 7]).
1.2. H-identities and the universal comodule algebra. Let us recall
the notion of an H-identity for an H-comodule algebra A, as introduced
in [2, Sect. 2.2].
Take a copy XH of H; the identity map from H to XH sends an element
x ∈ H to the symbol Xx. The map x 7→ Xx is linear and is determined by
its values on a linear basis of H. Now consider the tensor algebra on XH :
T (XH) =
⊕
i≥0
T i(XH) ,
where T i(XH) = (XH)
⊗i.
There is a tautological H-comodule algebra structure on T (XH) with
coaction δ : T (XH)→ T (XH)⊗H given on each generator Xx by
δ(Xx) = Xx1 ⊗ x2 .
Definition 1.1. Given an H-comodule algebra A, we say that an element
P ∈ T (XH) is an H-identity for A if µ(P ) = 0 for all H-comodule algebra
maps µ : T (XH)→ A.
Denote the set of all H-identities for A by IdH(A). By [2, Prop. 2.2] the
set IH(A) is a two-sided ideal, right H-coideal of T (XH), and it is preserved
by all comodule algebra endomorphisms of T (XH).
The quotient algebra UH(A) = T (XH)/IH(A) is an H-comodule algebra
such that the canonical surjection T (XH) → UH(A) is a comodule algebra
map. By definition, all H-identities for A vanish in UH(A), which is the
biggest quotient of T (XH) for which this happens. We call UH(A) the
universal H-comodule algebra attached to the H-comodule algebra A (in the
classical literature on polynomial identities [12], UH(A) is called the relatively
free algebra).
1.3. The universal comodule algebra map. We now recall how to detect
H-identities when A is a twisted comodule algebra as defined in Section 1.1.
Let α be a normalized convolution invertible two-cocycle on H and αH
the corresponding twisted comodule algebra. As shown in [2, Sect. 4], the
H-identities for αH can be detected by a comodule algebra map
µα : T (XH)→ S(tH)⊗
αH ,
whose definition we now detail.
Consider a copy tH of H, identifying each x ∈ H linearly with the sym-
bol tx ∈ tH . Define S(tH) to be the symmetric algebra on the vector
space tH .
The algebra S(tH)⊗
αH is generated by the symbols txuy (x, y ∈ H) as
a k-algebra (we drop the tensor product sign ⊗ between the t-symbols and
the u-symbols). It is a comodule algebra whose coaction is S(tH)-linear and
extends the coaction of αH:
δ(txuy) = txuy1 ⊗ y2 .
The algebra map µα : T (XH)→ S(tH)⊗
αH is defined for all x ∈ H by
(1.2) µα(Xx) = tx1 ⊗ ux2 .
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It is an H-comodule algebra map. We call µα the universal comodule algebra
map. Its main property is the following (for a proof, see [2, Th. 4.3]).
Proposition 1.2. An element P ∈ T (XH) is an H-identity for
αH if and
only if µα(P ) = 0. In other words, IH(
αH) = Kerµα.
Let UαH = UH(
αH) and IαH = IH(
αH). It follows from the previous
proposition that µα induces an injection of comodule algebras
(1.3) UαH = T (XH)/I
α
H →֒ S(tH)⊗
αH .
We still denote the map (1.3) by µα.
The algebra UαH has two natural subalgebras, namely the algebra V
α
H =
(UαH)
H of coinvariants and the center ZαH of U
α
H .
In [2, Prop. 4.7] (see also [8, Cor. 3.3]) we proved that an element of UαH
is coinvariant if and only if its image under µα belongs to the subalgebra
S(tH)⊗ 1 of S(tH)⊗
αH. In view of (1.3), VαH is a subalgebra of S(tH):
VαH →֒ S(tH) .
It follows that VαH is a commutative domain (i.e., without zero-divisors).
Similarly, by [2, Prop. 8.2] an element of UαH is central if and only if its
image belongs to the subalgebra S(tH)⊗Z(αH), where Z(αH) is the center
of αH. Again, in view of (1.3) the center ZαH of U
α
H sits inside S(tH)⊗Z(
αH):
ZαH →֒ S(tH)⊗ Z(
αH) .
Therefore, ZαH is a domain if Z(
αH) has no zero-divisors.
It follows from the previous observations that the coinvariant elements
of UαH are all central: V
α
H ⊂ Z
α
H , and that V
α
H = Z
α
H if the center of
αH is
one-dimensional, in which case the two-cocycle α was called non-degenerate
in [2, Sect. 9].
1.4. Localizing the symmetric algebra. By [2, Lemma A.1] there is a
unique linear map x 7→ t−1x from H to the field of fractions FracS(tH) of
the symmetric algebra S(tH) such that for all x ∈ H,
(1.4)
∑
(x)
tx1 t
−1
x2 =
∑
(x)
t−1x1 tx2 = ε(x) 1 .
When x is a group-like element of H, i.e., such that ∆(x) = x ⊗ x and
ε(x) = 1, then t−1x = 1/tx.
Following [2, App. B], we denote by S(tH)Θ the subalgebra of FracS(tH)
generated by all elements tx and t
−1
x (x ∈ H).
When H is a pointed Hopf algebra, then its coradical is the algebra of
the group G(H) of group-like elements of H. In this case, by [2, Prop.B.2],
S(tH)Θ has a simple description as the following localization of S(tH):
(1.5) S(tH)Θ = S(tH)
[
1
tx
]
x∈G(H)
.
Recall also that for a general Hopf algebra H the algebra S(tH)Θ car-
ries a commutative Hopf algebra structure with coproduct ∆, counit ε and
antipode S given for all x ∈ H by
(1.6) ∆(tx) = tx1 ⊗ tx2 , ∆(t
−1
x ) = t
−1
x2 ⊗ t
−1
x1 ,
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ε(tx) = ε(t
−1
x ) = ε(x) and S(tx) = t
−1
x . This Hopf algebra is Takeuchi’s
free commutative Hopf algebra on the coalgebra underlying H; it satisfies
the following universal property: for any coalgebra map f : H → H ′ into
a commutative Hopf algebra H ′, there is a unique Hopf algebra map f˜ :
S(tH)Θ → H
′ extending f , i.e., such that f˜(tx) = f(x) for all x ∈ H;
see [13, Chap. IV].
Let us apply this universal property to the canonical surjection of Hopf
algebras q : H → Hab, where Hab is the largest commutative Hopf algebra
quotient of H. The Hopf algebra map q induces a surjection of Hopf algebras
q˜ : S(tH)Θ → Hab. Using q˜, we may equip S(tH)Θ with a right Hab-
comodule algebra structure: its coaction is the map δ defined as the following
composition:
(1.7) δ : S(tH)Θ
∆
−→ S(tH)Θ ⊗ S(tH)Θ
id⊗q˜
−→ S(tH)Θ ⊗Hab .
1.5. The generic base algebra. Now, to a pair (H,α) consisting of a Hopf
algebra H and a normalized convolution invertible two-cocycle α, we attach
a bilinear map σα : H ×H → S(tH)Θ with values in the previously defined
algebra S(tH)Θ. The map σα is given for all x, y ∈ H by
(1.8) σα(x, y) = tx1 ty1 α(x2, y2) t
−1
x3y3 .
The map σα is a two-cocycle of H with values in S(tH)Θ; by construction,
σα is cohomologous to α over S(tH)Θ. We call σα the generic cocycle asso-
ciated to α. The cocycle α being invertible, so is σα, with inverse σ
−1
α given
for all x, y ∈ H by
(1.9) σ−1α (x, y) = tx1y1 α
−1(x2, y2) t
−1
x3 t
−1
y3 .
Following [2, Sect. 5] and [8, Sect. 3], we define the generic base algebra BαH
attached to the pair (H,α) to be the subalgebra of S(tH)Θ generated by
the values of the generic cocycle σα and of its inverse σ
−1
α . Since B
α
H sits
inside S(tH)Θ, it is a domain.
If H is finite-dimensional, then by Theorem3.6 and Corollary 3.7 of [9]
the following holds:
(a) BαH is a finitely generated smooth Noetherian domain of Krull di-
mension equal to dimkH;
(b) S(tH)Θ is a finitely generated projective B
α
H -module, from which it
follows that S(tH)Θ is integral over B
α
H .
In the next subsection we explain why it is important to determine BαH .
1.6. Relating the universal comodule algebra to the generic base
algebra. Let again H be a Hopf algebra and α a normalized convolution
invertible two-cocycle. Using Lemma8.1 of [2] and following the proof of
Proposition 9.1 of loc. cit., we can prove that the map µα induces an embed-
ding of the subalgebra of coinvariants VαH of U
α
H into B
α
H :
VαH →֒ B
α
H .
Following [2, Sect. 9], we say that a two-cocycle α is nice if BαH is a local-
ization of VαH . If α is nice, then B
α
H ⊗VαH U
α
H is a central localization of the
universal comodule algebra UαH satisfying the following two properties.
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(i) By [2, Th. 9.3] the extension BαH ⊂ B
α
H ⊗VαH U
α
H is a cleft H-Galois
extension; in particular, there is a comodule isomorphism (in general
not an algebra isomorphism)
BαH ⊗VαH U
α
H
∼= BαH ⊗H .
It follows that after a suitable central localization the universal co-
module algebra UαH becomes a free module of rank dimk(H) over its
subalgebra of coinvariants.
(ii) The comodule algebra AαH = B
α
H ⊗VαH U
α
H is a “versal deformation
space” for the forms of αH: any twisted comodule algebra A that
is a form of αH (i.e., such that k′ ⊗k A ∼= k
′ ⊗k
αH for some field
extension k′ of k) is isomorphic to a comodule algebra of the form
AαH/mA
α
H ,
where m is some maximal ideal of BαH . Conversely, if H is finite-
dimensional (or cocommutative), then for any maximal idealm of BαH ,
the comodule algebra AαH/mA
α
H is a form of
αH. For details and
proofs, see [2, Sect. 7]) and [9, Sect. 3].
Therefore, it is crucial for us
(1) to find a presentation by generators and relations of the generic base
algebra BαH (which will allow us to obtain all its maximal ideals) and
(2) to determine if a given two-cocycle is nice or not.
The generic base algebra BαH is known when H = kG is a group alge-
bra (see [1], [8, Example 4.3], and the appendix at the end of the present
paper). A presentation by generators and relations of BαH when H is the
four-dimensional Sweedler algebra was given in [2, Cor. 10.4]). For all these
Hopf algebras, BαH is rational in the sense that it is the localization of a
polynomial algebra.
We also know that any two-cocycle on a group algebra or on the Sweedler
algebra is nice (see Proposition 9.5 and Theorem10.3 in [2]). Similarly, any
two-cocycle on a cocommutative Hopf algebra is nice (see [9, Remark 4.6]).
1.7. Functoriality. Consider pairs (H,α), where H is a Hopf algebra and
α is a normalized convolution invertible two-cocycle. We define a map of
such pairs (H,α) → (H ′, α′) to be a Hopf algebra map ϕ : H → H ′ such
that α′ ◦ (ϕ× ϕ) = α.
Now define an algebra map ϕT : T (XH)→ T (XH′) by
ϕT (Xx) = Xϕ(x) (x ∈ H) .
Similarly, define an algebra map ϕS : S(tH)⊗
αH → S(tH′)⊗
α′H ′ by
ϕS(txuy) = tϕ(x)uϕ(y) (x, y ∈ H) .
Proposition 1.3. Under these hypotheses, the map ϕT induces a comodule
algebra map ϕU : U
α
H → U
α′
H′ . Moreover, if ϕS is injective, then so is ϕU .
Proof. It is easy to verify that µα′ ◦ ϕT = ϕS ◦ µα (check it on the gen-
erators Xx, x ∈ H). The map ϕT is a comodule algebra map since it is
induced by the Hopf algebra map ϕ. Then by Proposition 1.2 there is a
unique comodule algebra map ϕU : U
α
H → U
α′
H′ such that
µα′ ◦ ϕU = ϕS ◦ µα .
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The second statement follows from this and from the injectivity of ϕS and
of µα on U
α
H . 
Now the restriction of ϕS to S(tH) sends S(tH) to S(tH′). It is clear that
it extends to an algebra map ϕS : S(tH)Θ → S(tH′)Θ with
ϕS(tx) = tϕ(x) and ϕS(t
−1
x ) = t
−1
ϕ(x) (x ∈ H) .
Proposition 1.4. The algebra map ϕS sends B
α
H to B
α′
H′ .
Proof. This follows from the equality ϕS ◦ σ
±1
α = σ
±1
α′ ◦ (ϕ × ϕ), which is
straightforward. 
1.8. Trivial cocycle. Let us now assume that the two-cocycle α is the
trivial two-cocycle
α0 : (x, y) 7→ ε(x)ε(y) (x, y ∈ H) .
In this case it follows from (1.1) that αH coincides as a H-comodule algebra
with H itself, the coaction being the coproduct, and that the linear isomor-
phism u : H → uH is a Hopf algebra map. This allows us to write x instead
of ux (x ∈ H).
When α = α0, we write IH for I
α
H , UH for U
α
H , VH for V
α
H , and BH
for BαH . By Proposition 1.2, IH is the kernel of the comodule algebra map
µ0 : T (XH)→ S(tH)⊗H given by
(1.10) µ0(Xx) = tx1 ⊗ x2 .
Also when α = α0, we write σ
±1 instead of σ±1α . In this case Formu-
las (1.8) and (1.9) become
(1.11) σ(x, y) = tx1 ty1 t
−1
x2y2 and σ
−1(x, y) = tx1y1 t
−1
x2 t
−1
y2 .
The case α = α0 is important because by [9, Prop. 2.1] we always can
reduce the generic base algebra attached to a non-trivial cocycle to the
generic base algebra attached to the trivial cocycle. This works as follows:
given a convolution invertible two-cocycle α on H, define the Hopf alge-
bra L = αHα
−1
as the coalgebra H with the product
x ∗ y = α(x1, y1)x2y2 α
−1(x3, y3) (x, y ∈ H) .
Then inside S(tH)Θ, we have the equality
BαH = BL .
Since L = H when α is a lazy two-cocycle in the sense of [5], we have
BαH = BH for all lazy two-cocycles. On a cocommutative Hopf algebra all
two-cocycles are lazy, so that BαH = BH for any two-cocycle α on such a
Hopf algebra.
This is why in the sequel we concentrate on Hopf algebras equipped with
the trivial cocycle.
Remark 1.5. For a general Hopf algebra the equality BαH = BH does not
necessarily hold. It is not even true that BαH = B
β
H if α and β are cohomol-
ogous two-cocycles.
Indeed, let H be the four-dimensional Sweedler algebra; any two-cocycle α
on H is known to be cohomologous to a lazy one, say β. On one hand, by
8 UMA N. IYER AND CHRISTIAN KASSEL
the previous observations, BβH = BH ; we will prove in Section 2.2 that BH
is the subalgebra of S(tH)Θ of elements of degree zero for some specific
Z/2-grading. Now, the formula
σα(y, y) =
at2y + bt1ty + ct
2
1
t1
of [2, Lemma10.1] shows that, since t1ty is of degree 6= 0, B
α
H must be
different from BH for a general twisted comodule algebra
αH of the Sweedler
algebra (one corresponding to a non-zero parameter b).
2. Taft algebras
The first examples we consider are Taft algebras. In this section we shall
give a presentation of the generic base algebra BH and show that the trivial
two-cocycle is nice, thus providing a positive answer to the problem posed
in [8, Sect. 5.3]. We shall also describe the universal comodule algebra UH
as a BH -algebra after a suitable localization.
2.1. Definition. Fix an integer n ≥ 2. We assume that the ground field k
contains a primitive n-th root of unity q.
The Taft algebra H = Hn2 has the following presentation as a k-algebra:
H = k 〈x, y |xn = 1 , yx = qxy , yn = 0 〉.
The set {xiyj}0≤i,j<n is a basis of the vector space H, which therefore is of
dimension n2.
The algebra H is a Hopf algebra with coproduct ∆ and counit ε defined
by
(2.1) ∆(x) = x⊗ x , ∆(y) = 1⊗ y + y ⊗ x , ε(x) = 1 , ε(y) = 0 .
When n = 2, the algebra H is the four-dimensional Sweedler algebra.
In the sequel we shall need a formula for the image of any basis element
under ∆. Recall the following standard notation: for any integer j ≥ 0, set
[j] =
qj − 1
q − 1
,
and [j]! = [j][j − 1] · · · [1] for j ≥ 1, while [0]! = 1. Lastly, we set[
j
0
]
= 1 and
[
j
r
]
=
[j][j − 1] · · · [j − r + 1]
[r]!
if 1 ≤ r ≤ j < n. Then
(2.2) ∆(xiyj) =
j∑
r=0
[
j
r
]
xiyr ⊗ xi+ryj−r .
Recall also that H is a pointed Hopf algebra with G(H) ∼= Z/n. The set
of its group-like elements consists of the powers of x. Also observe that the
commutative Hopf algebra quotient Hab of H is given by
Hab = H/(y) = k[G(H)] ∼= k[Z/n] .
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2.2. The generic base algebra. The algebra S(tH) can be identified with
the polynomial algebra on the indeterminates txiyj (0 ≤ i, j < n). By (1.5)
the localization S(tH)Θ of S(tH) introduced in Section 1.4 is obtained from
S(tH) by inverting the elements t1, tx, tx2 , . . . , txn−1 corresponding to the
group-like elements of H:
S(tH)Θ = S(tH)
[
1
txi
]
0≤i<n
.
As observed in Section 1.4, S(tH)Θ is a Hopf algebra. By (1.7) and (2.2),
the coproduct on an element txiyj is given by
(2.3) ∆(txiyj) =
j∑
r=0
[
j
r
]
txiyr ⊗ txi+ryj−r .
Let us now determine the subalgebra BH of S(tH)Θ. Consider the set Γ0
consisting of the following n elements of S(tH): txtxn−1 and txi/(tx)
i for
0 ≤ i < n, i 6= 1; these elements are invertible in S(tH)Θ and we denote
by Γ−10 the set of inverses of the elements of Γ0.
Let Γ1 be the set consisting of the elements txiyj txk , where j 6≡ 0 and
i+ j + k ≡ 0 (mod n); the cardinality of Γ1 is n(n− 1).
Theorem 2.1. Let n ≥ 3.
(a) The n2 elements of Γ0 ∪ Γ1 are algebraically independent.
(b) The generic base algebra BH is given by
BH = k[Γ0,Γ
−1
0 ,Γ1] .
Proof. (a) Arrange the elements of the set Γ0 ∪ Γ1 as a vector of functions
and construct its Jacobian matrix with respect to the vector of variables
(t1, . . . , txn−1 , ty, . . . , txn−1y, . . . , tyn−1 , . . . , txn−1yn−1) .
Up to sign, the determinant D of this Jacobian matrix is the product of
(tx · · · txn−1)
n−1 and the Jacobian determinant J of the n × n minor corre-
sponding to the vector (t1, txn−1tx, tx2/(tx)
2, . . . , txn−1/(tx)
n−1) with respect
to the first n variables (t1, . . . , txn−1). Clearly, D is non-zero if and only if
J is non-zero. Since
J =
(
1 + (−1)n−1(n− 1)
)
txn−1
(tx)(n−2)(n+1)/2
,
is non-zero if n ≥ 3, we obtain the desired algebraic independence.
(b) The natural epimorphism G(H)→ G(Hab) is clearly an isomorphism.
Since H is pointed, it follows from [9, Th. 3.9] that S(tH)Θ is a free BH -
module. Hence, by [9, Lemma3.11],
(2.4) BH = S(tH)
Hab
Θ ,
where S(tH)Θ is an Hab-comodule algebra as explained in Section 1.4 and
S(tH)
Hab
Θ is the left coideal subalgebra of S(tH)Θ consisting of all Hab-
coinvariants. Now Hab being the algebra of the group G(H) ∼= Z/n, the co-
module algebra structure on S(tH)Θ is equivalent to a Z/n-grading. Equal-
ity (2.4) means that BH consists of the elements of S(tH)Θ of degree 0 ∈ Z/n.
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Let us determine the grading on S(tH)Θ. Given an element txiyj (0 ≤
i, j < n), it follows from (1.7), (2.3) and q(y) = 0 that
δ(txiyj ) = txiyj ⊗ q(x)
i+j ,
meaning that txiyj is of degree i+ j ∈ Z/n since q(x) generates Gab ∼= Z/n.
Similarly, δ(t−1
xi
) = t−1
xi
⊗ q(x)−i, which means that t−1
xi
is of degree −i.
From this it is clear that k[Γ0,Γ
−1
0 ,Γ1] is a subalgebra of BH . To conclude
it remains to check that the subalgebra S0 of degree 0 elements of S(tH)Θ is
generated by Γ0∪Γ
−1
0 ∪Γ1. This is the object of the subsequent lemma. 
Lemma 2.2. The algebra S0 is generated by Γ0 ∪ Γ
−1
0 ∪ Γ1.
Proof. Let R denote the subalgebra of S0 generated by this set. We need to
show that R = S0.
Let S′0 = k[(txi)
±1 | 0 ≤ i < n]0 be the subalgebra of elements of degree 0
in the subalgebra of S(tH)Θ of Laurent polynomials in the variables (txi)
±1
(0 ≤ i < n). First consider a Laurent monomial f ∈ S′0. Suppose without
loss of generality that
f =
(tx)
p txi1 · · · txir
txj1 · · · txjs
with p+ i1 + . . .+ ir = j1 + . . . + js + nk for some integer k. Then
f = (tx)
nk
(
txi1
(tx)i1
)
· · ·
(
txir
(tx)ir
)(
txj1
(tx)j1
)−1
· · ·
(
txjs
(tx)js
)−1
.
Then f ∈ R in view of
(tx)
n =
(
txn−1
(tx)n−1
)−1
(txtxn−1) .
Now without loss of generality consider h = ftp1g1 · · · t
pr
gr ∈ S0 for some
non-zero homogeneous f ∈ k[(txi)
±1 | 0 ≤ i < n] and distinct monomials
g1, . . . , gr ∈ {x
iyj | 0 ≤ i, j < n, j 6= 0} with deg(f) +
∑r
i=1 pi deg(gi) = 0.
Pick txk1 , . . . , txkr such that deg(tgitxki ) = 0. Then
h =
f
(txk1 )
p1 · · · (txkr )
pr
(tg1txk1 )
p1 · · · (tgrtxkr )
pr .
Since f/((txk1 )
p1 · · · (txkr )
pr) belongs to S′0 and each tgitxki belongs to Γ1,
we have h ∈ R. 
Remark 2.3. The referee suggested the following nice alternate proof for
Theorem2.1 (b).
From the proof of [9, Th. 3.9], it follows that BH can be characterized as
the left coideal subalgebra B of S(tH)Θ that satisfies the following mutually
equivalent conditions (see [9, Lemma 3.11]):
(i) B = S(tH)
Hab
Θ , where S(tH)Θ is an Hab-comodule algebra as ex-
plained above;
(ii) S(tH)Θ/(B
+) ∼= Hab, where (B
+) is the ideal generated by B+ =
B∩Ker ε, and the set of group-like elements contained in B is closed
under inverse.
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By (2.4), in order to prove that BH = B, where B = k[Γ0,Γ
−1
0 ,Γ1], it suf-
fices to check that B satisfies Property (ii) above. It easily follows from (2.3)
that B is a left coideal of S(tH)Θ. Now B
+ is generated by the elements
txtxn−1 − 1, txi/(tx)
i− 1 (0 ≤ i < n, i 6= 1) and txiyj txk (j 6≡ 0, i+ j + k ≡ 0
(mod n)). Consequently, in the quotient algebra S(tH)Θ/(B
+), the ele-
ments txi are invertible, txi ≡ (tx)
i for all i, and txiyj ≡ 0, whenever j 6≡ 0.
Therefore, S(tH)Θ/(B
+) ∼= k[Z/n] ∼= Hab. The condition on the group-like
elements in B is also satisfied since these elements form a group generated
by Γ0 ∪ Γ
−1
0 , as is seen by applying to B the algebra projection
S(tH)Θ → kG(S(tH)Θ) = S(tkG(H))Θ
given by t±1
xi
7→ t±1
xi
, txiyj 7→ 0 (0 ≤ i < n, 0 < j < n); the latter is indeed
a Hopf algebra projection which is induced from the coalgebra projection
H → kG(H), xiyj 7→ δj,0 x
i.
Remark 2.4. When n = 2, the elements t1, t
2
x, txty, txy are algebraically
independent and by [2, Cor. 10.4] we have
BH = k[(t1)
±1, (t2x)
±1, txty, txy] .
Proposition 2.5. As a BH-algebra, we have
S(tH)Θ ∼= BH [t]/ (t
n − (tx)
n) .
Therefore, S(tH)Θ is a finite e´tale (hence integral) extension of BH and
it is a free BH -module of rank n.
Proof. Define a BH -algebra map f : BH [t]/(t
n−(tx)
n)→ S(tH)Θ by sending
t to tx. It is obviously well defined. To prove the surjectivity of f , it is enough
to show that each generator txiyj is in its image. If j = 0, since txi/(tx)
i
belongs to BH , we can write
txi =
txi
(tx)i
(tx)
i = f
(
txi
(tx)i
ti
)
.
Similarly, if j 6≡ 0 (mod n), then
txiyj = (tx−i−j txiyj )
(
tx−i−j
(tx)−i−j
)−1
(tx)
i+j
= f
(
(tx−i−j txiyj )
(
tx−i−j
(tx)−i−j
)−1
ti+j
)
.
To prove the injectivity of f , it suffices to check that 1, tx, (tx)
2, . . . , (tx)
n−1
are linearly independent over BH , which is just as easy. 
2.3. The universal comodule algebra. The tensor algebra T (XH) is the
free algebra on the indeterminates Xxiyj (0 ≤ i, j < n). We will use the
same notation for the image of Xxiyj in UH = T (XH)/IH .
Recall from Section 1.3 that the comodule algebra map µ0 : T (XH) →
S(tH) ⊗ H defined by (1.10) induces an embedding of UH into S(tH) ⊗ H
and that an element P belongs to the the subalgebra VH of coinvariants
of UH if and only if µ0(P ) ∈ S(tH) ⊗ 1. Moreover, since the center of H is
one-dimensional, VH coincides with the center of UH .
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Now, µ0(X1) = t1, hence X1 ∈ VH , and
(2.5) µ0(Xxi) = txi x
i
for 0 < i < n. Therefore, µ0(X
n
xi) = (txi)
n xin = (txi)
n, which implies that
Xnxi belongs to VH for 0 < i < n.
Let V ′H (resp. U
′
H) be the localization of VH (resp. of UH) obtained by
inverting the central elements X1, X
n
xi
for all i = 1, . . . , n− 1.
Since the images µ0(X1) and µ0(X
n
xi
) are invertible in S(tH)Θ, the embed-
ding µ0 extends to an embedding µ0 : U
′
H → S(tH)Θ⊗H. The subalgebra V
′
H
consists of the elements of U ′H whose images belong to S(tH)Θ ⊗ 1.
For simplicity, from now on we identify each element of U ′H with its image
in S(tH)Θ ⊗H.
The following result states that the trivial cocycle of a Taft algebra is nice
in the sense of Section 1.6.
Proposition 2.6. We have V ′H = BH .
We need the following lemma to prove the proposition.
Lemma 2.7. Let A be the V ′H-subalgebra of U
′
H generated by Xx and Xy.
For all i, j = 0, 1, . . . , n− 1,
(a) the elements txiyj txn−i−j belong to V
′
H ,
(b) the elements Xxiyj belong to A, and
(c) the elements txiyj x
i+j belong to A.
Proof. We shall prove simultaneously the three assertions by induction on j.
Let us start with the case j = 0. Under the identification mentioned
above, (2.5) becomes Xxi = txi x
i. Hence,
XxiXxn−i = txitxn−i x
ixn−i = txitxn−i .
It follows that txitxn−i belongs to VH . This proves Item (a).
Now,
Xxi = txi x
i =
txi
(tx)i
(tx)
i xi =
txi
(tx)i
Xix .
Therefore, in order to prove Items (b) and (c) it suffices to check that txi/(tx)
i
belongs to V ′H . The latter follows from the equality
txi
(tx)i
Xnx = XxiX
n−i
x
and the fact that Xnx is invertible in V
′
H .
Before we proceed with the induction, we make the following observations.
From Xy = t1y + tyx it follows that
XyXx −XxXy = (q − 1) t1tx xy = (q − 1)X1Xx y .
Hence,
(q − 1)X1X
n
x y = X
n−1
x (XyXx −XxXy) .
Since X1 and X
n
x are invertible in V
′
H , it follows that y belongs to A.
Assume now that the assertions of the lemma hold until j − 1. Then
by (2.2) we have
Xxiyj =
j∑
r=0
[
j
r
]
txiyr x
i+ryj−r = txiyj x
i+j + ψ ,
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where
ψ =
j−1∑
r=0
[
j
r
]
txiyr x
i+ryj−r .
By the induction hypothesis, txiyr x
i+r ∈ A for 0 ≤ r ≤ j − 1. Since y ∈ A
as observed above, we obtain ψ ∈ A. Therefore, Xxiyj − ψ ∈ U
′
H . Now,
(Xxiyj − ψ)X
n−i−j
x = txiyj txn−i−j ∈ U
′
H ∩ S(tH)Θ ⊗ 1 = V
′
H .
We have thus proved that txiyj txn−i−j ∈ V
′
H . Moreover,
txiyj x
i+j = (Xxiyj − ψ) =
1
Xnx
(txiyj txn−i−j )X
i+j
x
which proves that txiyj x
i+j belongs to A. Since ψ ∈ A as already seen, we
have Xxiyj ∈ A. This proves the assertions of the lemma. 
Proof of Proposition 2.6. In view of Theorem2.1 it suffices to ckeck that the
sets Γ0, Γ
−1
0 and Γ1 introduced in Section 2.2 are subsets of V
′
H .
The elements of Γ1 belong to V
′
H by Lemma2.7 (a). In the course of the
proof of that lemma, we have already checked that the elements of Γ0 belong
to V ′H . For the elements of Γ
−1
0 , we proceed as follows. First, we have
XnxX
n
xn−1 (txtxn−1)
−1 = Xn−1x X
n−1
xn−1
.
SinceXnx andX
n
xn−1 are invertible in V
′
H , we deduce that (txtxn−1)
−1 belongs
to V ′H .
Next, for i = 0, . . . , n− 1,
Xnxi
(
txi
(tx)i
)−1
= Xn−1
xi
Xix .
Since Xnxi is invertible in V
′
H , we also conclude that (txi/(tx)
i)−1 belongs
to V ′H . 
We finally determine U ′H as a BH -algebra.
Theorem 2.8. There is an isomorphism of algebras
U ′H
∼= BH 〈 ξ, η | ξ
n = Xnx , η
n = 0 , ηξ − qξη = 0 〉 .
Proof. First recall from Proposition 2.6 that BH = V
′
H . Next, let R be the
V ′H -algebra defined by the RHS of the isomorphism in the theorem. Set
f(ξ) = Xx and f(η) = Xy −
ty
tx
Xx .
Observe that, since the Z/n-degree of ty/tx is 0, this element belongs to
BH = V
′
H . We have f(ξ) = tx x and
f(η) = (t1 y + ty x)−
ty
tx
tx x = t1y .
From this and the defining relations of H, it follows that f defines an algebra
map R→ U ′H .
Let us now show that this map is injective. It is clear that any element
ω ∈ R can be written uniquely as ω =
∑n−1
i,j=0 vi,j ξ
iηj , where vi,j ∈ V
′
H .
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Now, f(ω) =
∑n−1
i,j=0 vi,j t
i
xt
j
1 x
iyj. Since the elements xiyj are linearly in-
dependent in H, if f(ω) = 0, then vi,j t
i
xt
j
1 = 0, hence vi,j = 0 for all i, j,
which implies f = 0.
On the other hand, f is surjective by Lemma 2.7 (b) since U ′H is generated
by the elements Xxiyj (i, j = 0, 1, . . . , n− 1). We have thus proved that f is
an isomorphism. 
3. The Hopf algebras E(n)
We now deal with the Hopf algebras E(n), as defined for instance in [3], [5,
Example 2.2], [11]. As in the previous section, we shall determine the cor-
responding generic base algebra and universal comodule algebra, and show
that the trivial two-cocycle is nice.
3.1. Definition. Fix an integer n ≥ 1. The algebra H = E(n) is generated
by n+ 1 elements x, y1, . . . , yn subject to the relations
x2 = 1 , y2i = 0 , yix+ xyi = 0 , yiyj + yjyi = 0
for all i, j = 1, . . . , n. When n = 1, then H is the Sweedler algebra.
As a vector space, H is of dimension 2n+1 with the following basis. For
any subset I ⊂ {1, 2, . . . , n}, set yI = yi1 · · · yir if I = {i1 < · · · < ir}. By
convention, yI = 1 if I = ∅. Then
{yI , xyI | I ⊂ {1, 2, . . . , n}}
is a basis of H. The elements y1, . . . , yn generate a subalgebra that is iso-
morphic to an exterior (or Grassmann) algebra.
It can checked that the center Z(H) of H has a basis consisting of all
elements yI such that |I| is even. It is of dimension 2
n−1.
The algebra H is a Hopf algebra with coproduct ∆ and counit ε defined
by
(3.1) ∆(x) = x⊗ x , ∆(yi) = 1⊗ yi + yi ⊗ x ,
ε(x) = 1 and ε(yi) = 0 for all i = 1, . . . , n.
On the basis elements, the coproduct has the following form:
(3.2) ∆(yI) =
∑
J⊂I
(−1)mJ yJ ⊗ x
|J | yJc
I
and
(3.3) ∆(xyI) =
∑
J⊂I
(−1)mJ xyJ ⊗ x
|J |+1 yJc
I
,
where JcI = {j1 < · · · < js} is the complement of J in I. The exponent mJ
is defined as follows: if J = {i1 < · · · < ir} and J
c
I = {j1 < · · · < js}, let mk
denote for each k = 1, . . . , r the cardinality of the set {jℓ | ik > jℓ}; then
mJ =
∑r
k=1 mk.
The Hopf algebra H is pointed and G(H) ∼= Z/2, generated by x. One
checks that the commutative Hopf algebra quotient Hab of H is given by
Hab = H/(y1, . . . , yn) = k[G(H)] ∼= k[Z/2] .
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3.2. The generic base algebra. For this Hopf algebra, S(tH) is the poly-
nomial algebra on the indeterminates tyI and txyI , where I runs over all
subsets of {1, . . . , n}. Since H is pointed with 1 and x as only group-like
elements, the localization S(tH)Θ of S(tH) is obtained from S(tH) by in-
verting t1 and tx:
S(tH)Θ = S(tH)
[
1
t1
,
1
tx
]
.
The Hab-comodule algebra structure on S(tH)Θ (see Section 1.4) induces
a Z/2-grading on it. It is easy to check from (3.2) and (3.3) that
deg(tyI ) = |I| and deg(txyI ) = |I|+ 1 ∈ Z/2
for all I ⊂ {1, . . . , n}.
Set Γ0 = {t1, (tx)
2} and Γ−10 = {t
−1
1 , (tx)
−2}. Consider the set Γ1 consist-
ing of the elements tyI , txtxyI , where |I| is even ≥ 2, and of the elements
txtyI , txyI , where |I| is odd. Observe that these elements are all of degree 0.
Theorem 3.1. (a) The 2n+1 elements of Γ0 ∪Γ1 are algebraically indepen-
dent and the generic base algebra BH is given by
BH = k[Γ0,Γ
−1
0 ,Γ1] .
(b) As a BH-algebra, we have
S(tH)Θ ∼= BH [t]/
(
t2 − (tx)
2
)
.
For the proof one proceeds as for Theorem2.1 and Proposition 2.5.
3.3. The universal comodule algebra. The tensor algebra T (tH) is the
free algebra on the indeterminates XyI ,XxyI (I ⊂ {1, 2, . . . , n}).
Let VH be the subalgebra of UH of coinvariant elements as before; VH sits
in the center of UH , which is bigger than VH when n > 1. Recall that an
element P belongs to VH if and only if µ0(P ) ∈ S(tH)⊗1. Since µ0(X1) = t1
and µ0(X
2
x) = t
2
x, the elements X1 and X
2
x belong to VH .
Let V ′H (resp. U
′
H) be the localization of VH (resp. of UH) obtained by
inverting the central elements X1 and X
2
x.
As in Section 2.3, we identify each element of U ′H with its image in the
algebra S(tH)Θ ⊗H.
Proposition 3.2. We have BH = V
′
H .
This proves that the trivial cocycle on E(n) is nice.
Proof. By Theorem3.1 (b) we need to show that Γ0, Γ
−1
0 , and Γ1 are subsets
of V ′H . This is easy for Γ
±1
0 . Indeed, t
±1
1 = X
±1
1 and t
±2
x = X
±2
x belong
to V ′H . For Γ1 one proceeds by induction on |I| as in the proof of Lemma2.7.

We now determine U ′H as a BH -algebra.
Theorem 3.3. Let AH be the BH-algebra generated by ξ, η1, . . . , ηn subject
to the relations
ξ2 = X2x , η
2
1 = · · · = η
2
n = 0 , ηiξ + ξηi = 0 , ηiηj + ηjηi = 0
for all i, j = 1, . . . , n. There is an isomorphism of algebras U ′H
∼= AH .
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Proof. The proof is similar to the proof of Theorem2.8. Recall from Propo-
sition 3.2 that BH = V
′
H . We define a V
′
H -algebra map f : AH → U
′
H by
f(ξ) = Xx = tx x and
f(ηi) = Xyi −
tyi
tx
Xx = (t1 yi + tyi x)−
tyi
tx
tx x = t1yi .
This map is well defined. The injectivity of f is proved as in the Taft case.
The surjectivity is an immediate consequence of the following lemma. 
Lemma 3.4. As a V ′H-algebra, U
′
H is generated by Xx,Xy1 , . . . ,Xyn .
Proof. Let A denote the subalgebra of U ′H generated over V
′
H by the set
{Xx,Xy1 , . . . ,Xyn}. We need to show that XyI ,XxyI ∈ A for all subsets I
of {1, . . . , n}.
First we check that all yI , tyI and txyIx
|I|+1 belong to A. We have
Xyi = t1 yi + tyi x = X1 yi +
tyi
tx
Xx .
From this we deduce that X1yi belongs to A. Since X1 is invertible, all yi,
hence all yI , belong to A.
Next, observe that, if |I| is even, then tyIx
|I| = tyI , which belongs to V
′
H ,
hence to A. If |I| is odd, then tyIx
|I| = tyIx = (txtyI/t
2
x)Xx, which clearly
belongs to A.
Finally, if |I| is odd, then txyIx
|I|+1 = txyI , which belongs to V
′
H . If |I| is
even, then txyIx
|I|+1 = txyIx = (txtxyI/t
2
x)Xx, which belongs to A.
By (3.2) and (3.3) we have
XyI =
∑
J⊂I
(−1)mJ tyJ x
|J |yJc
I
and XxyI =
∑
J⊂I
(−1)mJ txyJ x
|J |+1yJc
I
.
By the above observations the expressions inside the summation symbols
are in A; hence, so are XyI and XxyI . Consequently, U
′
H = A. 
4. Monomial Hopf algebras
Fix an integer n ≥ 2. As in Section 2 we assume that the ground field k
contains a primitive n-th root of unity, which we denote by q. We now
extend the results of Section 2 to the following setting.
4.1. Monomial Hopf algebras of type I. Consider a triple (G,x, χ),
where G is a finite group, x a central element of G of order n ≥ 2, and χ a
character G→ k× such that χn = 1 and χ(x) = q.
To such a triple one associates a Hopf algebra H, which is defined as an
algebra with generators the elements g of G and an additional generator y;
the defining relations are those of the group algebra kG as well as
(4.1) yn = 0 , yg = χ(g)gy
for all g ∈ G. A basis for H is formed by the elements gyi, where g ∈ G and
0 ≤ i < n. Thus, the dimension of H is n |G|.
The algebra H has a Hopf algebra structure such that the natural inclu-
sion ι : kG→ H is a Hopf algebra map and
(4.2) ∆(y) = 1⊗ y + y ⊗ x , ε(y) = 0 , S(y) = −yxn−1 .
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In the literature this Hopf algebra is called a monomial Hopf algebra of
type I (see [4], [5, Sect. 7], [6]). If G = Z/n and x is a generator of G, then
H is the n2-dimensional Taft algebra.
The Hopf algebra H is pointed with G(H) = G. One checks that the
commutative Hopf algebra quotient Hab of H is given by
Hab = H/(y) = k[Gab] ,
where Gab = G/[G,G] is the abelianization of G.
Observe that the algebra surjection π : H → kG sending y to 0 is a Hopf
algebra map such that π ◦ ι = id. It follows from Propositions 1.3 and 1.4
that they induce comodule algebra maps
UkG
ιU−→ UH
πU−→ UkG
and algebra maps
BkG
ιS−→ BH
πS−→ BkG
such that πU ◦ ιU = id and πS ◦ ιS = id. Therefore, UkG (resp. BkG) splits
off UH (resp. BH). Similary, passing to the coinvariants, VkG splits off VH .
In the sequel we shall determine BH and UH in terms of BkG and UkG
respectively. As for the latter, we refer to the appendix.
4.2. The generic base algebra. By definition, S(tH) is the polynomial
algebra on the variables tgyi , where g ∈ G and 0 ≤ i < n. Since H is
pointed and the elements of G are the only group-like elements, we have
S(tH)Θ = k
[
tgyi | g ∈ G and 0 ≤ i < n
] [ 1
tg
]
g∈G
.
The coproduct on S(tH)Θ is determined by
(4.3) ∆(tgyi) =
i∑
r=0
[
i
r
]
tgyr ⊗ tgxryi−r
(compare with (2.3)).
The Hab-comodule algebra structure on S(tH)Θ (see Section 1.4) induces
a Gab-grading on it. It is easy to check from (1.7) and (4.3) that
δ(tgyi) = tgyi ⊗ q(gx
i) ,
meaning that for the Gab-grading, deg(tgyi) = gx
i, where gxi is the image
of gxi in Gab.
Consider the set Γ of cardinality (n − 1)|G| consisting of the fractions
tgyi/tgxi where g ∈ G and 0 < i < n. By the above calculation the elements
of Γ are all of degree 0 ∈ Gab.
Theorem 4.1. The set Γ is algebraically independent over BkG and
BH = BkG[Γ] .
Proof. The algebraic independence of Γ is obvious. The equality can be
proved as in Remark 2.3: by Property (ii) there, it suffices to check that the
three following conditions are satisfied for B = BkG[Γ]:
(a) B is a left coideal of S(tH)Θ;
(b) S(tH)Θ/(B
+) ∼= Hab = k[Gab], where B
+ = B ∩Ker ε;
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(c) the set of group-like elements contained in B is closed under inverse.
Condition (a) follows from (4.3). For Condition (b) we note that B+ is
generated by B+kG and tgyi/tgxi for all g ∈ G and 0 < i < n. Consequently,
tgyi ≡ 0 (mod B
+) when 0 < i < n. From this one deduces S(tH)Θ/(B
+) ∼=
k[Gab]. Condition (c) is also satisfied: indeed, the group-like elements in B
coincide with the group-like elements in BkG, which by PropositionA.1 are
the elements of the group YG described in the appendix. 
4.3. The universal comodule algebra. As observed at the end of Sec-
tion 4.1, UkG splits off UH and VkG splits off VH .
There is a localization V ′kG of VkG such that BkG = V
′
kG (see SectionA.2
of the appendix). We define a localization V ′H of VH by
V ′H = V
′
kG ⊗VkG VH .
We also define the central localization
U ′H = V
′
H ⊗VH UH = V
′
kG ⊗VkG UH .
We claim the following.
Theorem 4.2. We have V ′H = BH and there is an algebra isomorphism
U ′H = U
′
kG ∗ k[η] / (η
n = 0, ηXg − χ(g)Xgη = 0 | g ∈ G) .
Proof. For the first assertion, it suffices to check that the elements tgyi/tgxi
of the set Γ belong to V ′H . The proof follows the same lines as the proof of
Proposition 2.6. We leave the details to the reader.
The proof of the second assertion is similar to the proof of Theorem2.8.
Let R be the algebra defined by the RHS of the isomorphism in the theorem.
We define an algebra map f : R→ U ′H that is the identity on U
′
kG and sends η
to f(η) = Xy − (ty/tx)Xx. Using the embedding T (XH) ⊂ S(tH) ⊗ H
provided by universal comodule map µ0, we obtain f(η) = t1 y as in loc. cit.
Thus, f(ηn) = 0 in view of (4.1). Similarly,
f(ηXg − χ(g)Xgη) = t1tg (yg − χ(g) gy) = 0 .
The rest is left to the reader. 
Appendix A. The group algebra case
Let G be a finite group of order N and kG be the corresponding group
algebra; we consider the latter equipped with the usual Hopf algebra struc-
ture; its coproduct and its counit are given by ∆(g) = g ⊗ g and ε(g) = 1
for all g ∈ G. This Hopf algebra is cocommutative.
The commutative Hopf algebra (kG)ab is the algebra of the abelianization
Gab = G/[G,G] of G:
(kG)ab = k[Gab] .
In this appendix we recall known facts on the generic base algebra BH and
on the universal comodule algebra UH when H = kG.
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A.1. The generic base algebra. The symmetric algebra S(tkG) is the
polynomial algebra on the variables tg (g ∈ G):
S(tkG) = k [ tg | g ∈ G ] .
The Hopf algebra kG is pointed and its group-like elements are exactly
the elements g ∈ G. Thus by (1.5) the algebra S(tkG)Θ is the Laurent
polynomial algebra
S(tkG)Θ = k
[
tg, t
−1
g | g ∈ G
]
.
In other words, S(tkG)Θ = kZ
G is the algebra of the free abelian group ZG
generated by the symbols tg (g ∈ G).
There is a surjective homomorphism p : ZG → Gab defined by p(tg) = g,
where g is the image of g in Gab. Let YG be the kernel of the homomor-
phism p: it is a free abelian group of rank N = |G| and of index |Gab| in Z
G.
The group YG coincides with the subgroup of Z
G generated by the elements
σ(g, h) =
tgth
tgh
and σ−1(g, h) =
tgh
tgth
(g, h ∈ G) .
Observe that te = σ(e, e) belongs to YG, where e denotes the identity element
of G.
Aljadeff, Haile, and Natapov proved the following (see [1, Prop. 9 and 14]).
Proposition A.1. We have BkG = kYG.
It follows that determining BkG is equivalent to determining YG: in par-
ticular, if (y1, . . . , yN ) is a basis of YG, then BkG is the Laurent polynomial
algebra
BkG = k
[
y1, y
−1
1 , . . . , yN , y
−1
N
]
.
This shows that BkG is rational in the sense of Section 1.6.
To find a basis of YG it is enough to find N linearly independent elements
y1, . . . , yN ∈ YG such that the determinant of the matrix of the elements yi
expressed in terms of the basis (tg)g∈G of Z
G is, up to sign, equal to |Gab|.
There are standard linear algebra techniques to find such a basis.
Another description of BkG can be given following [9, Sect. 3.3]. By Sec-
tion 1.4 above, the algebra S(tkG)Θ carries a natural Gab-grading: if g is an
element of Gab, then the corresponding g-component of S(tkG)Θ is spanned
by the monomials ω = t±1g1 · · · t
±1
gr such that p(ω) = g. The generic base alge-
bra BkG coincides with the subalgebra of S(tkG)Θ consisting of the elements
of degree e ∈ Gab, and there is a BkG-linear isomorphism
BkG ⊗ kGab ∼= S(tkG)Θ .
From the previous observations one can find the following description
of S(tkG)Θ as a BkG-algebra. Write Gab as the product of k cyclic groups;
thus Gab is generated by k elements g1, . . . , gk of order n1, . . . , nk, respec-
tively. Then there is an algebra isomorphism
(A.1) S(tkG)Θ ∼= BkG[t1, . . . , tk]/
(
tn
i
i − (tgi)
ni
)
1≤i≤k
,
where gi is a lift of gi in G. The Gab-grading of S(tkG)Θ induces on the
right-hand side of (A.1) a grading for which each variable ti is homogeneous
of degree gi.
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The following lemma will be useful in the computations performed below.
Lemma A.2. Let G = H ⋉K be a semi-direct product of groups, where K
acts on H. Suppose that this action induces a trivial action on Hab. Let bH
(resp. bK) be a basis of YH (resp. of YK) containing te. Then
{te} ∪ (bH − {te}) ∪ (bK − {te}) ∪
{
thk
thtk
}
h∈H−{e}, k∈K−{e}
is a basis of YG.
This lemma applies to all direct products G = H ×K of groups.
Proof. The above set clearly belongs to YG and is linearly independent. Its
cardinality is equal to
1 + (|H| − 1) + (|K| − 1) + (|H| − 1)(|K| − 1) = |H||K| = |G| = N .
In order to conclude, it is enough to check that the matrix of this set with
respect to the basis (tg)g∈G has a determinant equal to ±|Gab|.
Clearly, this matrix has four diagonal square blocks corresponding to the
four subsets of the assumed basis of YG. The non-zero entries that are not
in these blocks sit above them. Hence the determinant we wish to compute
is the product of the determinants of these four blocks.
The block of {te} has determinant 1. Since [Z
H : YH ] = |Hab| and
[ZK : YK ] = |Kab|, the determinant of the block corresponding to bH − {te}
(resp. to bK − {te}) is equal, up to sign, to |Hab| (resp. to |Kab|). The last
block, of size (|H|−1)(|K|−1)×(|H|−1)(|K|−1) has only diagonal entries,
all equal to 1. Therefore, the desired determinant is equal to |Hab| · |Kab|.
We claim that the latter is equal to |Gab|, which will complete the proof.
Indeed, for any group G the abelianization Gab is equal to the first homol-
ogy group H1(G) of G with coefficients in Z. Since the natural projection
G → K splits, the Hochschild–Serre sequence reduces to the short exact
sequence
0→ H0(K,H1(H))→ H1(G)→ H1(K)→ 0 .
Since K acts trivially on Hab = H1(H), we have H0(K,H1(H)) = H1(H).
It follows that |Gab| = |Hab| · |Kab|. 
We now use PropositionA.1 and LemmaA.2 to give a full description
of BkG for certain finite groups.
Examples A.3. (a) (Abelian groups) Let G = Z/N be a cyclic group with
generator a and set yk = tak/(ta)
k. In [7, Sect. 3.3] we showed that the
generic base algebra BkG is the Laurent polynomial algebra
BkG = k
[
y±10 , y
±1
2 , y
±1
3 , . . . , y
±1
N
]
.
and that there is an algebra isomorphism S(tkG)Θ ∼= BkG[t]/(t
N − (ta)
N ).
LemmaA.2 allows us to reduce the determination of a basis of YG of a
finite abelian group G to the case of a cyclic group.
For instance, let G = Z/m × Z/n with generators a, b of respective or-
ders m and n. It follows from the previous computation and of LemmaA.2
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that YG has a basis consisting of the mn elements
te , (ta)
m ,
ta2
(ta)2
, . . . ,
tam−1
(ta)m−1
,
(tb)
n ,
tb2
(tb)2
, . . . ,
tbn−1
(tb)n−1
,
taibj
taitbj
(1 ≤ i ≤ m− 1, 1 ≤ j ≤ n− 1) .
(b) (Perfect groups) If G is perfect, i.e., Gab = 1, then YG = Z
G, hence
BkG = S(tkG)Θ = k
[
tg, t
−1
g | g ∈ G
]
.
This applies for instance to all simple non-abelian groups, such as the alter-
nating group An when n ≥ 5.
(c) (Symmetric groups) Let n ≥ 5 and let G = Sn be the symmetric group
on n elements. We can realize G as a semi-direct product H ⋉ K, where
H = An and K = Z/2 is generated by an odd permutation τ . We can apply
LemmaA.2 since K acts trivially on (An)ab = {1}. As a basis for YG, we
may take the elements te, (tτ )
2, tσ and tστ/tσtτ , where σ runs over the set
An − {1}. Moreover, by (A.1) we have an algebra isomorphism
S(tkG)Θ ∼= BkG[t]/(t
2 − (tτ )
2) .
A.2. The universal comodule algebra. The tensor algebra T (XkG) is
the free algebra on the symbols Xg (g ∈ G). Let us use the same notation
for the image of Xg in the universal comodule algebra UkG.
The universal comodule algebra map µ0 identifies the element Xg ∈ UkG
with the following element of S(tkG)⊗ kG:
Xg = tg g (g ∈ G) .
Therefore, under µ0, the algebra UkG projects isomorphically onto the sub-
algebra of S(tkG)⊗ kG generated by all elements tg g.
Under this identification, the subalgebra of coinvariants VkG of UkG co-
incides with the subalgebra of S(tkG) spanned by 1 and all elements of the
form tg1 · · · tgr , where g1 · · · gr = e (see [1, Prop. 6]).
Set Pg = XgXg−1 and Qg,h = XgXhX(gh)−1 for g, h ∈ G. These are coin-
variant elements of UkG and their images in S(tkG) (under the injection µ0)
are given by
Pg = tgtg−1 and Qg,h = tgtht(gh)−1 .
They are invertible in S(tkG)Θ.
By [9, Cor. 4.5] the generic base algebra BkG is generated by the elements
Pg, Qg,h and their inverses. It follows that BkG is a localization of VkG and
thus, the trivial cocycle is nice in the sense of Section 1.6.
More precisely, let V ′kG be the localization of VkG obtained by inverting
the central elements Pg and Qg,h (g, h ∈ G). Then BkG = V
′
kG and there is
a G-graded BkG-linear isomorphism between the central localization U
′
kG =
BkG ⊗VkG UkG and BkG ⊗ kG (see Property (i) in Section 1.6):
U ′kG
∼= BkG ⊗ kG .
In particular, U ′kG is a free BkG-module of rank N .
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